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Abstract

If the Collatz conjecture is false, it could be falsified in one of two
ways. One is to show that for some starting positive integer, the tra-
jectory is unbounded; the other is to show that the trajectory reaches
a loop other than the familiar 4 — 2 — 1 — 4. In this article we show
that the latter assertion is equivalent to a finding a simultaneous so-
lution to a countable collection of Diophantine multinomials.

1 Background

The Collatz Conjecture is named for the mathematician Lothar Collatz,
who introduced it in 1937.[1] J. Lagarias provided a useful survey of the
subject.[2] P. Erdés remarked that “Mathematics may not be ready for such
problems.” [3] By 2020, the conjecture had been verified by computer for all
starting values up to 2°.[4]

2 Introduction

The principal result of this article is that every Collatz loop s; — s — -+ —
sy — §1 corresponds to a countably infinite system of Diophantine equations
in the 2N variables {¢,ta, -+ ,tn, U1, U, - - - ,uy }. This means there exists an
assignment of positive integers to the variables {t1,to, -+ ,tnx,us, ug, -+ ,un}
such that every one of the countably infinitely many Diophantine equations



in the corresponding system is satisfied by that assignment of positive inte-
gers.

At this writing only one Collatz loop is known, namely 4 — 2 — 1 — 4.
Proving that no others exist might be accomplished by showing that only
this Collatz loop satisfies all of the countably infinitely many corresponding
Diophantine equations.

Definition 1. The Collatz function C' is given by

g if n is even.

Cln) = {3n+ 1 ifnis odd,

A Collatz loop is usually represented as a finite sequence in which the
ordering reflects the action of the function C, i.e. (4,2,1) or 4 — 2 — 1.
However, there is a bijection between the Collatz loops and the sets of mem-
bers of Collatz loops. For instance, the membership set {1,2,4} corresponds
uniquely to the Collatz loop 4 —+ 2 — 1 — 4. No information is lost by
representing a Collatz loop as a set rather than as an ordered sequence. In
the following, the set representation will be used.

Definition 2. We say that a nonempty finite set of integers S C Z% is
a Collatz set if for some s € S, S = {s,C(s),C*(s),---,C"(s)}, where n
is the smallest positive integer such that C"(s) = s. Such an s is called a
generator of S. Note that since C(j) # j for every j € Z*, no Collatz set
is a singleton set.

Note that {1,2,4} is a Collatz set (the only one known at this writing).

3 Propositions
Proposition 1. S is a Collatz set if and only if for every s € S,
S = {5,C(5),C%(s),-+ ,C1S-1(s)}, and CI8I(5) = s

Proof. (=) Suppose S is a Collatz set with S = {a, C(a), C*(a),--- ,C1¥17 (a)},
and C®l(a) = a. S cannot be a singleton set, so let 3 be some other member
of S. There exists some j € {1,2,---,|S| — 1} such that 8 = C’(a). Note



that

S ={a.C(a), -, " Ha), Y (), C" (@), - ,CFI7(a)}

= {C'(a),C"(a),-- ,C¥Ya),a,- -, 0T a)}

= {C9(a), - - 7CISI—I(@)’CvISI(O[%... 7C’j—1(C|S|(a))}

= {C(a), - ,C¥ (), (), -, IS (q)}
= {C¥(), " (), -+, C7 7 (a)}

= {C/ (), C(CY()),- -+ ,CIS1(CY (a))
={8,C(8),C*(B),--- ,C¥I(B)}.
(1)

Also, C181(8) = CISI(CY(a)) = CI(C18 () = Ci(a)
(<) Suppose for every s € S, S = {s,C(s),C? s), -, C1871(5)}, and

Cl(s) = 5. Fix a € 5. Then § = {a, C(a), C%(a), - ,C"(a)}, and
Cl¥l(a) = a, and so S is a Collatz set. O

This implies an equivalent alternative definition of Collatz set:

Definition 3. We say that a nonempty finite set of integers S C Z* is
a Collatz set if for every s € S, S = {s,C(s),C?(s), -+ ,C"(s)}, where n
is the smallest positive integer such that C"!(s) = s. Such an s is called a
generator of S.

Proposition 2. If X C Z7 is finite and nonempty, and f : X — X is an
injection, then f is a permutation of X.

Proof. Since f is an injection, |f(X)| = |X]|. Since f(X) C X, we must have

f(X) =X, so f is a surjection, hence f is a permutation. O
Proposition 3. If S is a Collatz set, then C(S) =S and C|s is a permuta-
tion of S.

Proof. By definition of Collatz set, for some o € S and some n € Z* we may
write

S = {a,C(Oz),--- 7Cm(a)}‘ (2)
with C"*!(a) = a. This implies

C(S) = {C(a)7 Cz(a)a U 7Cm(a)7 Cn+1(a)}

= {C(O‘)’ Cz(a)v T ?Cn(a)a a}
= {avc(a)702(a)7 T 7Cn(a)} =S. (3)



Next, suppose s1,s2 € S and Clg(s;) = C|s(s2). By Proposition 1, for

n = |S| — 1 we can write S = {s1,C(s1),C%(s1), -+ ,C"(s1)}, and

C™1(sy) = s;. We also may write S = {s3,C(s2),C?%(s2), -+ ,C"(s2)}, and
C™1(sy) = s9. Since C|g(s1) = C|s(s2), we have C(s1) = C(sz). This implies
C™"(C(s1)) = C™(C(s2)), i.e. C"(s1) = C™1(sy). Thus s; = 9, S0

Cls : S — S is an injection. Since C|g(S) = C(S) = S, C|s is an injection
of the finite set S into itself. Thus by Proposition 2, C'|g is a permutation of
S. O

Proposition 4. Let finite nonempty set X C Z™.
Let g : Z+ — Z*. Then g|x is a permutation of X if and only if

p9(s)) _ = p(5)
= a(5) = 2 405 @

for any p € Zlx] and q € Z[x] with 0 ¢ q(X).

Proof. (=) Suppose g|x is a permutation of X. Fix p € Z[z] and ¢ € Z[x]
with 0 ¢ ¢(X). Then

p(g(s)) plg(glx' (1)) pglglx' (1)
Salos)) temZX%X) 9(9(glx' () %) (9(glx' (t)))
_ NPl (1) e plglx(glx' (1) p(t)
Bl t; a(9(glx' (1) & alglx(9lx' (1)) X; t)
) Suppese (9(5)) _ o)
p(9(s) _ 5~ p(s)
2 4o = 22 ) 0

X
for any p € Z[z] and ¢ € Z[z] with 0 ¢ ¢(X). Let T'= X U g(X). Let
a =min(7") and b = max(T).

Fix c € X. Since X C T C {a,a+1,--- b}, wehave c € {a,a+1,--- ,b}.
b

Let p(z) = fz[a (x—m) and gq(z) = ﬂa(c—m). Then p € Z[z] and q € Z[z]

m#c m#c
and 0 ¢ ¢(X).
For any s € X, we have
1& 1 ifs=g¢ (7)
a(s) |0 ifseX)\{c}
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Thus
Z(—j Z{SEX;s:cH:l. (8)

s
s=c

For any s € X, we have g(s) € T, so

plg(s)) _ {1 if g(s) = c,
0 ifg(s) e T\ A{c}

Thus

SO = Y 1= s € Xigls) =)l (10)
sex g?s%{

Finally, the hypothesis implies

s € Xigls) =l = L2} gs Zﬁz, (1)

S S
seX g

so we get
[{s € X;9(s) =c}| = L. (12)

Therefore there must exist exactly one member s € X such that g(s) = c.
Since our choice of ¢ € X was arbitrary, every member of X is expressible as
the image under g of exactly one member of X. Hence there exists a unique
mapping h : X — X such that g(h(s)) = s for every s € X. Next, suppose
h(s1) = h(sy) for some sq,s2 € X. Then s; = g(h(s1)) = g(h(s2)) = s2, s0 h
must be an injection of the finite set X into itself, therefore by Proposition
2, h is a permutation of X. Thus h~! : X — X exists and is a permutation
of X. Finally, for any s € X,

h=1(s) = g(h(h™'(s))) = g(s) = glx(s), so in fact g|x = h™", thus g|x is
a permutation of X. O

Proposition 5. Distinct Collatz sets must be disjoint.

Proof. Suppose distinct Collatz sets S; and S5 are not disjoint. Fix a €
S1 N S,. Then o € Sy, so by Proposition 1, for some n € Z* we have
S = {a,C(a),C?*(a), -+ ,C™"(a)}, and C"(a) = a. Next, a € S, so for
the same n € Z', we have Sy = {a, C(a),C*(a), -+ ,C™(«)}. This implies
S1 = 95, contradicting our hypothesis that S; and S5 are distinct. Thus S
and Sy are disjoint. O



Proposition 6. Let finite nonempty set X C Z*. Clx is a permutation of
X if and only if X is a disjoint union of Collatz sets.

Proof. (=) Suppose C|x is a permutation of X. Let L : X — P(X) be given
by L(s) = {s,C(s),C?(s),--- }. Note that C'(X) C X. Indeed, a straightfor-
ward induction argument verifies C*(X) C X for every k € Z*. This implies
L(s) C X for every s € X. Fix a € X. Since L(a) C X, L(«) is finite. Since
L() is finite, we may write L(a) = {a, C(a),C?(a),--- , C!H@I=1(q)} with
CH@l(a) = . Thus L(c) is a Collatz set. Since a@ € X was arbitrary, we
may conclude that L(s) is a Collatz set for every s € X. Since s € L(s)
for every s € X, we have X C |J L(s). Clearly |J L(s) C X, since each

seX seX
L(s) C X, thus we get X = |J L(s), a cover of X.
seX
Finally, we may find some X’ C X of minimal cardinality such that

S = |J L(s). Its minimality ensures that the members of the subcover are
seX’
distinct. This is a disjoint subcover since by Proposition 5 distinct Collatz

sets must be disjoint. Therefore X is a disjoint union of Collatz sets.
(<) Suppose X is a disjoint union of Collatz sets. We may write

J
X = U X; with disjoint Collatz sets X; C X. By Proposition 3 we have
j=1
C(X;) = Xj for each j, and each C|x, is a permutation of X;. Thus

cX)=cC (O Xj> = Lj C(X;). Each C (X;) = X}, hence

J J
UCX;) = UX; =5, sowe get C(X) = X. Finally, we note that
=1 j=1

j= =
C|x(s) = Clx,(s) where s € Xj.

Next, we note that C|x must be an injection. Indeed, suppose

Clx(s1) = C|x(s2). Because { X1, Xo,- -+, X} is a disjoint cover of X and
C(X;) = X; for all j, we must have sy, s2 € X for some unique &, and also
Clx,(s1) = C|x,(s2). Since C|x, is an injection on X}, we get that s; = so,
so Clx is an injection. Therefore by Proposition 2, C'|x is a permutation of
X. O

Proposition 7. Let X be a nonempty finite subset of Z*. Then X 1is a
disjoint union of Collatz sets if and only if for every p € Zlx] and q € Z[z]



with 0 ¢ q(X) we have

(s _os)) LD
> (1 2D ) (13)
seX —%‘F(S_QED%

K
Proof. (=) Suppose X = (J X is a disjoint union of Collatz sets X}, and

k=1
fix p € Z[z] and ¢q € Z[z] with 0 ¢ ¢(X).
Because each X} is itself a disjoint union of Collatz sets, namely a union
consisting of X} alone, by Proposition 6, C'|x, is a permutation of Xj. Thus
by Proposition 4, for each k € {1,2,---, K}, we must have

Zp p ZPC p
(C(s

SEX sEX}, se)(id
Z p 3/2 Z p 35 + 1
sexy q(3s+1)
s even s odd
1 (5/2) p(3s+1)
= S(1+(-1)9)2 (1— (—1)")——= ), (14)
erk (2 a(s/2) 2 q(3s+1)
whence 1 o
Z S(1+ (—1)5)5(5/2) _0 (15)
_p(s) + 1(1 _ (_1>5)P(38+1) )
sE€Xk q(s) 2 q(3s+1)

Now note that for any s € Z, (—1)° = (=1)*7215/2) =1 — 2(s — 2[s/2]), so
s(1+(=1))) =1~ (s —2[s/2]) and
%(1 —(—1)°) = s —2|s/2]. Thus,

(1—(s—2[s/2])sed \
Sezxk(—%ﬂs—zts/zn ey ) =0 "

Since X is the disjoint union of disjoint Collatz sets X}, we have

(1— (s — 2[s/2])) 22 )
seZX (—% + (s — 2L8/2J>q<§iii

—2[s/2)))2e X
_ZZ< p(s ( ?>/s+1) 20: ’

k=1 s€ Xy |_8/2J) (3s+1)




(<) Suppose for every p € Z[z] and ¢ € Z[x] with 0 ¢ ¢(X) we have

(1—(s—2[s/2])2ed \
Z(—%+(8—2LS/ZJ)§M>_O' (18)

seX 3s+1)
Next,
p(C(s)) ~pls)
= 1(C(s)) = als)
_ N\ P(C) p(C(s)  ~—~pls)
2 4(C0) T 2 W) 240
_ v 206) _§pls) | 5 p(C)
- ; q(C(s)) ; as) " ; q(C(s))
_ p(s/2) ~~pls) p(3s+1)
"2 46D ) 2 ale )
_ (s _ols/aP/2) p(s)
_sex(l o= 2ls2l) (s/2)  “ als)
p(3s+1)
+ ;(8 - 2LS/2J)q(3S ) = 0, (19)
and thus

—. (20)
By Proposition 4, we get that C'|x is a permutation of X. Finally, by Propo-
sition 6, X is a disjoint union of Collatz sets. O
4 Diophantine Equations

Proposition 8. Let X be a nonempty finite subset of Z*. Then X is a
disjoint union of Collatz sets if and only if there exists some
{ti ta, - Jtx) ur, ug, - -+ yux)} C Z7T such that for every p € Z[z] and



q € Z[x] with 0 ¢ q(X) we have

i‘ <(1 G IR N (R 1))

q(3) alsy) " Ta(3s;+1)

2

j=1
1X] |X|
—+ Z (2tj + Uj — S]')Q + Z (1 — Uj>2 u? = 0. (21)
j=1 j=1
Proof. (=) By Proposition 7, we have
5 ( (1— (s — 2[5/2))) 22 ) . 2)
s 3s+1 e
seX _Z% + (‘9 - 2LS/2J>ZE3311§
Now write X = {s1,52,---,5|5/}. The indexing of elements of X may be

chosen arbitrarily. We may now take ¢; = |s;/2] and u; = s; — 2[s;/2].
Substituting in Equation 22, we get

i’ <(1 Cu23) ) p3s, +1)) Ly 23)

¢(3) als)) " Ta(3s;+1)

and by definition of the ¢; and u; we have

j=1

| X
Z ((Qtj + U; — 8]‘)2 + (1 - Uj)ng) = 0. (24)

J=1

Equation 23 implies

% <(1 B uj)z (3) p(?) N ujp<38j + 1>> — 0. (25)

j=1

Equations 24 and 25 together yield

1X| ,
— u; p(3)  plsy) L P(Bs;+1)
2 <(1 ])q (3)  als) B + 1))

j=1 2

w




as desired.

(<) Suppose there exists some

{ti,ta, -+ ,tx| w1, u2, - -+ ,ux|} C Z* such that for every p € Z[z] and
q € Z[z] with 0 ¢ ¢(X), we have

2

5 <(1 P E) pe) | Bt 1))
¢(3

) als;) (s +1)
|X] | X1
Y @t tu—s) + Y (L—u)Pul =0, (27)

J=1

Equation 27 implies

|X]
Z ((2t; +uj — 5;)* + (1 —uy)*u?) =0, (28)

J=1

{0,1} for j € {1,2,--- ,|X|}. These
s; — 22| for j € {1,2,---,|X]}.

which implies s; = 2t; + u; and u;
conditions yield t; = |[%]| and u;

Equation 27 also implies

|X| s;
p(3) pls)  pBs;+1DY
2 (“ T Tl e 1>) @

l-m

j=1
and the definitions of the ¢; and u; yield

1—(s—2|s/2]))22
3 (_E,(S) ( s/ J))q,.f(sgfll)> o (30)

seX @ + (S - 2LS/2J ) q(3s+1)

We now invoke Proposition 7 to conclude that X is a disjoint union of

Collatz sets, as desired. O
Proposition 9. If X = {z1,2,,--- ,2)x|} is a Collatz set, then there exists
some {ty,ta, -+ t|x|, Ur, g, - -+, ux|} C Z* such that for every p € Z[x] and

10



q € Z[x] with 0 ¢ q(X), we have

g (%) qlz;) " q(Br;+1)
|X] |X|

+Y @t uy— )+ (L=’ e =0, (31)

7=1 j=1

j=1

Proof. Suppose X = {x1,22, -+ ,2|x|} is a Collatz set. Then X is the dis-
joint union of Collatz sets, namely the Collatz set X alone. Therefore, by
Proposition 8, there exists some {ti,t2, -+, tx|, u1,us, -+ ,u;x|} C Z* such
that for every p € Z[z]| and ¢ € Z[x] with 0 ¢ ¢(X), we have

2X|3 <(1 B uj)p (%) _ plzy) N u,p(3fﬂj + 1))

q(%) qlz)  qBr;+1)

2

j=1
X |X|
Y @t uy )+ (L—uy) el =0, (32)
j=1 j=1
as desired. O
The essence of Proposition 9 is that to each Collatz set {z1, 22, -+, zx|}

there corresponds a countably infinite system of Diophantine equations which
must have a common solution. Each equation corresponds to some pair of
polynomials p and ¢ in Z[z].

In particular, if we take ¢ = 1, and p € Z[z] with p # 0, every equation

2

X 4
> (0 =w)p (F) = pla) +wp(3z;+ 1))
1 X 1 X
@ty — )+ ) (L—wy)*uf =0 (33)

must have a solution.

A practical application of this result might be to find a proof that the
familiar 4 — 2 — 1 — 4 is the only Collatz loop for which all of the
corresponding Diophantine equations have a common solution.

11



5 Special Case

Proposition 10. If X = {x1, 29, -+ ,xx|} s a Collatz set, then there exists

some {t1,ta, -+ x|, U1, U2, - ,ux|} C Z" such that for every m € Z* we
have
|X|
Z 22m<—ZL’j + Qtj + Uj)2
j=1
x| ?
+ Z (u; (625 +2)™ —al') — (2™ — 1) 2T
j=1
|X]

+ 221 — )l = 0. (34)
j=1

Proof. Suppose X = {x1,29,--- ,2x|} is a Collatz set. The indexing of
elements of X may be chosen arbitrarily. By Proposition 9 there exists some

{t1,ta, -+ ,tix) w1, ug, - -+ ,ux} C Z7* such that for every p € Z[z] and
q € Z[z] with 0 ¢ ¢(X), we have

2

|X] z;
Y (%) plzy) ., PGz +1)
2 (“ V@) " awy) e + 1>)

|X] |X|
+y @t u —2) > (1 —u)ul =0, (35)
j=1 j=1

Fix m € Z". If we take p(t) = t™ and ¢(t) = 1, we get

2
| X

Zuj ((Bz;+ )™ —27"2™) — (1 —27™) 2"
|X] |X|
+y @ty — )+ > (1 —uy)ul = 0. (36)

j=1 j=1

To get an expression with integer coefficients, we multiply through by 2™,

12



obtaining

2

J

1X|
> (uy (2" (B2 + 1" = at) — (2" = 1))
j=1
1X] | X
> 22ty +uy — )P+ D27 (L — ) ud =0, (37)
j=1 j=1
as desired. O
Lemma 1. Suppose {uq,ug, -+ ,ur} C R. If
L
(1-— uj)Qu? =0, (38)

=

then for any a,b € R and ¢ € Z*, we have

S
(@ +buy)® = a®(1 —u;) + (a + b)u;. (39)
for every j € {1,2,---, L}.
Proof. The hypothesis implies for every j € {1,2,---,L}, (1 —u;)*ui = 0
and therefore either u; = 0 or u; = 1, so we must have u]2 = u; for every
j € {1,2,--- L}. Next, we proceed with induction on c. First note that
(a+buj)' = a+ bu; = a'(1 — u;) + (a + b)tuy, so the case ¢ = 1 is verified.
Next, suppose (a + bu;)¢ = a®(1 — u;) + (a + b)u; for some ¢ € Z*. Then
(a+bu)™ = (a+buy)(a+ bu;) = (a+ buy) (a“(1 — uj) + (a + b)uj)
= (a + bu;)a(1 — u;) + (a + bu;)(a + b)u;
= a((a + buy) — (a + buy)uy) + (au; + bu?)(a + b)°
= a(a+ buy) — a®(au; + bu?) + (au; + bu?)(a +b)°. (40)

Since u? = u,;, we get
= U

(a+ bu)™ = a(a + buy) — a“(aw; + buj) + (au; + buj)(a + b)°
=a‘(a+bu;) —a(a+b)u; + (a+b)(a+ b)u;
= a’(a + bu;) — a“(a + b)u; + (a + b)“u;
= a"! + abu; — a“uy — abu;j + (a + b)u,
— a1 @y 4 (a4 b) Ny = a1 — uy) + (a4 b) My, (41)

completing the induction. O

13



Proposition 11. Fiz m € Z*, and some X = {1, 22, - ,xx}. If

|X]
Z 22m(—.’L’j + Qtj + U,j)2
j=1
x| ?
+ Z (u; (62 +2)™ —a') — (2™ — 1)z
j=1
|X|
+y 21— )l =0, (42)
j=1
then
| X

S (uy (27 = 1) = (2t + )™ + (6t +4)™) — (2" = 1)7") = 0. (43)

j=1

Proof. Suppose

|X]
Z 22m(—{l7j + Qtj + U]’)z
j=1
x| 2
+ Z (u; ((62; +2)™ —al') — (2" — 1) 2T")
j=1

|X|
+ 21— uy)*u? = 0. (44)
j=1

Clearly Zg‘ih(l — u;)*u? = 0, so Equation 44 reduces to

IX|
Z 22m(—$j + Qtj + Uj)2
j=1
1X| 2
+ Z (uj (62 +2)™ —a) — (2" = 1)) | =0, (45)
j=1

14



and le)jl(l — u;)*u? = 0 with Lemma 1 implies
(2t +uy)™ = 25 (1 — uy) + (1 + 2t5)™u;. (46)
Equation 45 implies E‘j)jl 22m(—x; 4 2t; + u;)* = 0, so we get

—x; + 2t; +u; = 0, i.e. x; = 2t; + u;. Using this and Equation 46 with
Equation 45 yields

|X] _2mt§n(1 — Uj) — (1 + 2tj)muj

Z 2mt;.“(1—uj)

Since (1 + 3(2t; + u;)) = 1 + 6t; + 3u;, this becomes

=0. (47)

|X| mym m m
2 —2 tj (1 — Uj) — (1 + 2tj) ’LL]' + U](l + th + SUJ) _ () (48)
= +27m(1 — ) (277 (1 — uy) + (1 + 2t5)™u;)
Substitution into Equation 48 using the identity (via Lemma 1)
(1 + 6tj + 3u])m = (1 + 6t]>m(1 — U]') + (4 + 6tj)mUj (49)
and the equations
(1 — ’U,j)2 =1- Uj (50)
and
yields
X mam m (1+6tj)m(]-_uj)
i -2 tj (]. — U,j) — (1 + 2tj) Uj + Uj ( (46t;)mu, ) _0 (52>
e +27m(1 — ) (277 (1 — uy) + (1 + 2t5)™u;)
Expanding and using the equation uf = u;, we obtain
IX| m _ omgm =272 — (142t 5)™ '
Z tj 2 tj + (+2fm(1+2tj)m+(1+6tj)m) u;~+ —0. (53)

T\ (=271 2t5)™ — (14 6t;)™ + (44 6t5)™) u;

Collecting on u; gives

|X]
Z (uj (2™ = D)t — (2t; + 1)™ + (6t +4)™) — (2™ — D) =0,  (54)

Jj=1

as desired. O
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Proposition 12. If X = {xy,2,--- ,xx|} is a Collatz set, then for

{tl,tg, s ,t|X|,’LL1,U2, s ,U‘X|} C Z* with T; = 2tj + u; and u; € {0, 1}
and every m € Z* we have

|X|

> (uy (@7 = 1)t = (2t + )™ + (6t +49)™) — (2™ = )7") =0.  (55)

Jj=1

Proof. By Proposition 10, we have that there exists some

{ti ta, -+ Jtx) ur, ug, -+ ux} C ZT such that for every m € Z* we
have

|X]
Z 22m<—.'17j + 2tj + U,j)2
=1

x| ?

D (wy (27 Bz + 1) —a) — (27 = 1) 2l
=1
| X

+ 21— uy)*ui = 0. (56)
j=1

Clearly this condition implies le)i|1 22m(—x; 4 2t; 4+ u;)* = 0, hence we have
the equation z; = 2t; 4+ u;. By Proposition 11, we get

IX|
Z (uj (2™ = 1) — (2t; + )™ + (6t; + 4)™) — (2" = 1)) =0, (57)

Jj=1

as desired. 0
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